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1. Nonstandard analysis

There are several different formulations of nonstandard analysis. This thesis
adopts the set-theoretical approach based on superstructures instituted by
Robinson and Zakon [3] and follows the up-to-date description by Chang and
Keisler [1].

For any set X, let S(X) denote the set of all subsets of X. The superstruc-
ture over X, denoted by V(X), is defined by the following recursion:

V(X) =X, Via(X)=Vu(X)US(V,(X)), V(X)=|]Va(X)

neN

where N is the set of natural numbers. The set X is called a base set if ) & X
and for all z € X we have x NV (X) = 0.

The language £ which describes V(X)) consists of logical connectives —,
A, V, =, quantifiers V, 3, individual variables z/,2”, ..., individual constants
C, for all u € V(X), and two binary predicate constants =, €. A formula
of L is constructed from the above constituents in the usual way. We will
use the following abbreviations, called bounded quantifiers: (VYx € y)¢ means
(Vz)lx € y = ¢], (Jr € y)¢ means (Jz)[x € y A ¢|. A bounded formula is
a formula in which every quantifier occurs as a bounded quantifier. We will

write ¢[uy, ..., u,] for ¢(Cyy, ..., Cy,).



For any formula ¢ in £, the relation V(X)) |= ¢ is defined by the following

rules:

(i) V(X) E C, = C, if and only if u and v are identical.

(ii) V(X) | C, € C, if and only if u is an element of v.

(iii) V(X) = —¢ if and only if V(X)) | ¢ does not hold.

(iv) V(X) = ¢1 A @9 if and only if V(X)) = ¢ and V(X)) = ¢o.

(v) V(X) = ¢1V ¢ if and only if V(X) E ¢1 or V(X) E ¢s.

(vi) V(X) E ¢y = ¢ if and only if V(X) = ¢, then V(X) [ do.

(vil) V(X) E (Vx)o(z) if and only if V(X)) | ¢[u] for all v in V(X).
(viil) V(X) = (3x)é(x) if and only if V(X) = ¢[u] for some w in V' (X).

A nonstandard universe is a triple V(X), V(Y), * consisting of superstruc-
tures V(X), V(Y), and a map * : V(X) — V(Y) satisfying the following
conditions (i)—(iii):

(i) X and Y are infinite base sets.

(ii) (Transfer Principle) The map % : a — *a is an injective mapping from

V(X) into V(Y), and for any bounded formula ¢(xy,...,z,) in L,
V(X) E ¢lur,...,u,] if and only if V(YY) = o[ us, ..., *u,]

for any uy,...,u, in V(X).
(iii) *X =Y.
An element u € V(YY) \ Y is called an internal set if there is z € V(X)) such

that v € *z. Let o be a cardinal. A nonstandard universe V(X),V(Y),* is

said to be a-saturated if it satisfies the following condition:



(iv) (Saturation Principle) Every family of less than « internal sets with

the finite intersection property has nonempty intersection.

In this thesis, we always work with a nonstandard universe V(X), V(Y), x
which is a-saturated with card(V (X)) < «a; such a nonstandard universe is
said to be polysaturated. We also assume that the base X includes the complex
numbers C and any other structures under consideration such as given groups
and Hilbert spaces.

For a set S, let 7S = {*s| s € S}. We identify *z with z for all z € C.
Hence, S = S if S is a subset of C, e.g., 7C = C, “R = R (the real
numbers), °Z = Z (the integers), and °N = N. Let R, *Ry, *R{, *RZ,
and *N, denote the sets of positive real numbers, infinitesimal hyperreal
numbers, positive infinitesimal hyperreal numbers, positive infinite hyperreal
numbers and infinite hypernatural numbers, respectively. It is shown that
*No = *N\N. We write x ~ 0 if z € R, and 0 < z < o0 if 2 € fin*R* =
R\ *RE. If r € *R and |r| < oo, the standard part of r is denoted by °r.
If r ~ 00, we write °r = oo. Let x,y € *R™. we say that x is of the order of
y, in symbols z < y, iff 0 < 2/y < oo and 0 < y/z < co. We write z < y if
x/y = 0. For a hyperfinite (x-finite) set F', let |F'| denote the internal cardinal
number of F.

Let (X,0) be a topological space. Let O, denote the system of open
neighborhoods of © € X. The monad of x € X is the subset of *X defined
by monp(x) = ({*0O| O € O,}. The set of near standard points is the subset
of *X defined by ns(*X) = [J{monp(z)| z € X}. It is shown that (X, O) is
Hausdorff if and only if  # y implies monp(z) N monp(y) = (). Thus for any
Hausdorff space (X, O), we can define the equivalence relation ~p on ns*X

so that axpb iff a € monp(x) and b € monp(x) for some x € X.



Let (V,|| - ||) be an internal normed linear space. Define the subspaces

p(Vo - 1) and fin(V, || - |]) of V' by

pVill- ) ={€e VI iEh =0}, fin(V][-) = {£ € VI [l < oo} (1)

We often abbreviate them as (V) and fin(V). Let §€ = & + (V) and V =
fin(V)/u(V'), the quotient space. We can naturally define the usual norm || - ||
on V by [l¢]l = °[l€]l. A countably infinite sequence {&}ien (& € fin(V,|| - )

approximately converges to & € V in the norm || - || if
Vee RTIneNVEEN, k>n = |E-&| <e. (2)
A sequence {&;}ien (& € fin(V, || - |]) is S-|| - ||-Cauchy if
Vee R"IneNVEkIleN, ki>n = |&-§&| <e (3)

A subset X C fin(V, || - ||) is S-|| - ||-complete if for any S-|| - ||-Cauchy sequence
{&}ien, there exists &€ € X such that {;} approximately converges to £ in the
norm || - ||.

The following result is a fundamental property of an internal normed space
Vol - 1-

Theorem 1.1. The subspace fin(V') is S-complete in || - ||.

Corollary 1.2. (The Hull Completeness Theorem) (V|| - ||) is a Banach

space.

Let ‘H be an internal Hilbert space, and T': ' H — ‘H an internal bounded
linear operator such that the bound ||T'|| is finite. The bounded operator
T : H — H, called the standard part of T, is defined by the relation 7% = T
for any x € fin(H).

For further information on nonstandard real analysis, we refer to Stroyan

and Luxemburg [2] and Hurd and Loeb [4].
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